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We show that in 6d models localizing gravity on stringlike defects and satisfying the dominant
energy condition, the metric exterior to the string inevitably depends on the string’s thickness. As a
consequence, in the limit of thin string either the gravity delocalizes, or the six-dimensional Planck
scale must be much larger than the four-dimensional one.
PACS: 11.10Kk, 04.50+h
Since the work by Randall and Sundrum [1], it is
now quite generally agreed that the scenarios modeling
our four-dimensional world as a topological defect in a
higher dimensional spacetime can be perfectly compat-
ible with four-dimensional gravity, without the need of
compactifying the extra dimensions. Studying a thin
3-brane embedded in a five-dimensional anti-de Sitter
spacetime and fine-tuning the bulk cosmological constant
to the tension of the brane, the authors of [1] constructed
a solution to the Einstein equations preserving four-
dimensional Poincare´ invariance. Due to the presence
of a single graviton zero mode localized on the brane and
to the strong suppression of higher-dimensional correc-
tions, gravity had an essentially four-dimensional char-
acter. The metric solution and the shape of the zero
mode were entirely determined by the brane tension and
bulk cosmological constant.
Another interesting proposal, that gravity can be lo-
calized on a local stringlike defect in a 6d spacetime,
was made in [2] and subsequently generalized to higher
dimensions [3]. Clearly, a very appealing feature of
this idea is the fact that the defect itself arises natu-
rally from a simple field-theoretical model (the abelian
Higgs model). Moreover, assuming the existence of a
thin-string limit, it would produce an effectively four-
dimensional gravity without resorting to fine-tuning of
the cosmological constant in the bulk to the tension on
the brane. The necessary tuning would involve some re-
lations between the tension components.
The aim of this work is to demonstrate an essential dif-
ference between the 5d and the 6d models localizing grav-
ity. This difference lies in the dependence of the metric
exterior to the defect on the defect’s intrinsic characteris-
tics and in particular on its transverse dimensions. In the
5d scenario proposed in [1], the dependence of the exte-
rior part of the metric on the brane’s thickness disappears
in the thin-brane limit and it then suffices to characterize
the defect by one parameter: its tension. An unambigu-
ous exact exterior metric, without any dependence on
the brane structure, can be then determined. In the six-
dimensional case the situation is quite distinct. As we
will show here, requiring physical fields as source of the
defect, unavoidably yields the dependence of the exterior
metric on the string’s width even in the thin-string limit.
Let us remind the model introduced in [2] . Its setup
is a 6d spacetime equipped with the metric:
ds2 = σ(ρ)gµνdx
µdxν − dρ2 − γ(ρ)dθ2 , (1)
with a negative cosmological constant in the bulk and
a singular stringlike defect (3-brane) localized at ρ = 0.
The defect is modeled by the continuous matter distri-
bution within a core of radius ǫ and vanishing for ρ > ǫ,
parametrized by the stress-energy tensor TAB :
T µν = δ
µ
ν f0(ρ), T
ρ
ρ = fρ(ρ), T
θ
θ = fθ(ρ) ,
and TAB = 0 otherwise . (2)
Within the classical theory of relativity, one expects to
be able to take a thin-string limit reducing the string’s
transverse dimensions to zero.
After setting the four-dimensional cosmological con-
stant Λphys to zero, the Einstein equations become:
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M6 being the six-dimensional Planck scale, related to the
four-dimensional Planck scale MP by:
M2P = 2πM
4
6
∫ ∞
0
dρ σ
√
γ . (4)
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In order to guarantee the regularity of the geometry, the
solution inside the core has to satisfy the boundary con-
ditions at the origin:
σ
∣∣
ρ=0
= A , σ′
∣∣
ρ=0
= 0 ,
(
√
γ)′
∣∣
ρ=0
= 1 , and γ
∣∣
ρ=0
= 0 , (5)
where A is an arbitrary constant. The metric outside the
core is the solution of Eqns. (3) in the absence of sources:
σ(ρ) = e−cρ and γ(ρ) = R20e
−cρ , (6)
where c =
√
2(−Λ)
5M4
6
and R0 is a constant. The exterior so-
lution has to be adjusted to the solution inside the string
core by means of the junction conditions at ρ = ǫ, trans-
lating into the relations between the components of the
string tension per unit length, µi, defined by :
µi =
∫ ǫ
0
dρ σ
√
γfi ,
where i = 0, ρ, θ. In the limit ǫ → 0 these relations can
be written:
µ0 = µθ +A
2M46 , µρ + µθ = 2cR0M
4
6 . (7)
A priori, as it was assumed in [2], it could seem that
as far as the constant R0 is such that the Eqns. (7) are
satisfied, it can be otherwise arbitrary. This would im-
ply a solution with a finite volume transverse space in
the thin-string limit. The shape of the localized graviton
zero mode:
ψ0(ρ) =
√
3c
2R0
e−3/4cρ , (8)
would then depend on the cosmological constant and
string’s tension components, like in [1].
We will now prove that (under some assumptions on
the regularity of the metric components) this impression
is not correct and that in fact, in order to get a physi-
cal solution, the exterior part of the metric must depend
on the string’s width. To see that it must indeed be the
case, let us first remark that the equation involving f0(ρ)
can be rewritten in the form:
1
M46
f0(ρ) = − 1
M46
Λ− 3
4
σ′′
σ
− 3
16
σ′
2
σ2
−
(
σ3/4γ1/2
)′′
σ3/4γ1/2
,
(9)
which can be further rewritten as:
1
M46
f0(ρ) = − 5
8M46
Λ +
3
8M46
fθ(ρ)−
(
σ3/4γ1/2
)′′
σ3/4γ1/2
. (10)
By means of a simple argument (which we postpone
to the Appendix), it can be proved that if we decrease ǫ,
while keeping R0 ∼ O(1), at some point the last term
in the equation (10) must become hugely negative some-
where inside the interval (0, ǫ). More precisely, for a suf-
ficiently small ǫ and some ρ# < ǫ we have:
(
σ3/4γ1/2
)′′
σ3/4γ1/2
∣∣∣∣∣
ρ=ρ#
∼ O
(
1
ǫ2
)
. (11)
Consequently, inserting this result into (10), for suffi-
ciently small ǫ and suitably chosen positive constant C we
get:
1
M46
f0(ρ)
∣∣∣∣
ρ=ρ#
≤ 3
8M46
fθ(ρ)
∣∣∣∣
ρ=ρ#
− C
ǫ2
. (12)
Now this inequality means violation of the dominant
energy condition [4] requiring the energy density to be
not only positive but also greater or equal than any of
the pressure components. As a consequence, no classi-
cal configuration of fields will produce an infinitely thin
string allowing for a metric solution (6) with constantR0.
Now that we have seen that there is no thin-string limit
for a constant R0, let us check whether we can reach it
by renouncing to the idea of arbitrary R0 and allowing
it to change with ǫ. If we take R0 ∼ O(ǫκ), with κ < 1,
the inequality (11) will still be valid, invariably leading
to the violation of the dominant energy condition. Let
us now suppose that R0 ∼ O(ǫκ), with κ ≥ 1. Then the
argument used to show (11) is no longer valid and we
can rightly hope to find a solution with physical f ’s with
characteristic feature µ0 = A
2M46 , µρ = µθ = 0.
Assume M6 is fixed. In the limit ǫ → 0 the four-
dimensional Planck scale (4) becomes:
M2P = 2πc
−1R0M
4
6 .
We see that letting R0 go as ǫ
κ will imply the Planck mass
to vary in the same way. The only way to make M2P re-
main constant is to further impose c ∼ O(ǫκ). But, as
can be seen from the form of the zero-mode wave func-
tion (8), it is precisely c that regulates the localization
of the gravity on the brane. As a consequence, allow-
ing c ∼ O(ǫκ) would spoil the localization of the gravity
on the brane.
Alternatively, one could fix MP and force the local-
ization of gravity on the brane (which means fixing c).
By Eqn. (4) and given R0 ∼ O(ǫκ) this would im-
ply M46 ∼ O(ǫ−κ) → ∞, that is making the string thin
would require M6 ≫MP .
In conclusion, we have shown that in a 6d spacetime
with a local stringlike defect, requiring the dominant en-
ergy condition to be satisfied implies that the metric ex-
terior to the defect must depend on the defect’s width. In
fact, for finite values of parameters such a metric solution
can indeed be found [5]. As a consequence of the depen-
dence of the exterior metric on the string’s width, in the
thin-string limit either the solution becomes degenerate
and it does not lead to the localization of gravity on the
defect, or a scale much higher than the four-dimensional
Planck mass MP must be introduced.
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APPENDIX: PROOF OF EQN. (11)
It remains to be shown that taking constant R0 im-
plies (11). The proof is straightforward. For the sake of
clarity of notation, let us denote α = σ3/4γ1/2. In terms
of α, the boundary conditions at ρ = 0 and the junction
condition read:
α
∣∣
ρ=0
= 0 , α′
∣∣
ρ=0
= A3/4 , and α
∣∣
ρ=ǫ
= R0e
−5/4cǫ
(A1)
Assuming that α is a continuously differentiable func-
tion, it is clear that there must exist a ρ⋆ < ǫ such that:
α′(ρ⋆) =
α(ǫ)− α(0)
ǫ
=
R0e
−5/4cǫ
ǫ
. (A2)
This implies, assuming further that α′ is continuously
differentiable in (0, ρ⋆), that there exists a ρ⋆⋆ < ρ⋆ such
that:
α′′(ρ⋆⋆) =
α′(ρ⋆)− α′(0)
ρ⋆
=
R0e
−5/4cǫ − ǫA3/4
ρ⋆ǫ
≥ R0e
−5/4cǫ − ǫA3/4
ǫ2
. (A3)
Suppose first that
α(ρ⋆⋆) < R0e
−5/4cǫ . (A4)
The equation (A3) implies:
α′′(ρ⋆⋆)
α(ρ⋆⋆)
>
1
ǫ2
[
1− ǫA
3/4
R0
e5/4cǫ
]
. (A5)
For ǫ → 0 and A,R0 ∼ O(1), the first term in this in-
equality becomes dominant and therefore:
α′′(ρ⋆⋆)
α(ρ⋆⋆)
∼ O
(
1
ǫ2
)
.
Suppose now that
α(ρ⋆⋆) ≥ R0e−5/4cǫ .
Then we can repeat the same reasoning to find an an-
other point, now inside the interval (0, ρ⋆⋆), satisfying
an inequality analogous to (A3). If this new point still
does not satisfy (A4), we can repeat this procedure
over and over until we find a point satisfying both (A3)
and (A4). Given that α is continuously differentiable
and that α(0) = 0, this iteration must eventually stop
and such a point must exist.
In conclusion, there exists a point ρ# ∈ (0, ǫ) where,
for ǫ sufficiently small:
α′′(ρ#)
α(ρ#)
∼ O
(
1
ǫ2
)
.
(In fact, given the regularity properties of α, it will be
also valid for the points in a small neighborhood of ρ#.)
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